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Horˇava gravity has been constructed so as to exhibit anisotropic scaling in the ultraviolet, as this
renders the theory power-counting renormalizable. However, when coupled to matter, the theory
has been shown to suffer from quadratic divergences. A way to cure these divergences is to add
terms with both time and space derivatives. We consider this extended version of the theory in
detail. We perform a perturbative analysis that includes all modes, determine the propagators and
discuss how including mixed-derivative terms affects them. We also consider the Lifshitz scalar with
mixed-derivative terms as a toy model for power counting arguments and discuss the influence of
such terms on renormalizability.
I. INTRODUCTION
Einstein’s General Relativity (GR) is currently in
agreement with all available observational and experi-
mental data (see e.g. [1]). However, the fact that GR is
not renormalizable suggests that it is no more than a low
energy effective theory. When quantum corrections are
taken into account, higher derivative operators are in-
evitably excited [2]. The leap from effective field theory
to an ultraviolet (UV) complete gravity theory is highly
non-trivial. The presence of higher derivative terms in
the Lagrangian does indeed improve the UV behavior of
the theory through the modification that the additional
spatial derivatives introduce to the propagator. However,
so long as Lorentz invariance remains intact, such terms
also introduce higher time derivatives, which lead to a
breaking of unitarity [3].
Based on an analogy with the Lifshitz scalars in con-
densed matter physics [4], a theory of gravity which takes
time and space on a different footing was introduced by
Horˇava [5]. The novelty of this approach is to allow
for higher spatial derivatives while restricting the kinetic
part to contain no more than two time derivatives. This
is achieved by breaking the isotropy in the scaling of the
spatial and temporal coordinates in the UV
t→ b−zt , xi → b−1xi , (1)
where the critical exponent z encodes the amount of scal-
ing anisotropy. With this scaling property, the action
is allowed to contain higher dimensional operators con-
structed only with spatial derivatives. The full 4D diffeo-
morphisms of GR now have to be relaxed such that the
anisotropic scaling (1) can be accommodated. Horˇava’s
theory is defined by the “foliation preserving diffeomor-
phisms” (FDiff)
t→ t¯(t) , xi → x¯i(t, xi) . (2)
It is then constructed out of terms which are invari-
ant under the above symmetry. Since the time coordi-
nate is fundamentally different from the spatial ones, the
Arnowitt–Deser–Misner decomposition of the 4D metric
into 3D hypersurfaces of constant t [6] provides a natural
description of the fundamental ingredients of the theory,
in terms of the lapse function N(t, xi), the shift vector
N i(t, xj) and the spatial metric gij(t, x
k). As a result
of the symmetry (2), the time-kinetic part contains only
quadratic terms in the extrinsic curvature Kij , while the
higher spatial derivative terms are constructed out of the
3D curvature invariants, the lapse function and their 3D
covariant derivatives. For critical exponent z = 3, the
latter terms contain up to 6 spatial derivatives and con-
stitute the minimal theory which is renormalizable at the
power-counting level.
The anisotropic scaling at the level of the action is
supposed to reflect the scaling of the propagator(s) or the
dispersion relation(s). However, there are several reasons
why this might not be the case and hence, na¨ıve power
counting based on this anisotropic scaling might be mis-
leading. The power-counting arguments for Horˇava grav-
ity are based on the analogy with the Lifshitz scalar (see
Refs. [7, 8] for a detailed discussion). The latter is a
field theory of a single degree of freedom and one could
straightforwardly guess the propagator by inspection of
the action. Horˇava gravity instead propagates a spin-
2 and a spin-0 mode. In addition to those, there are
also the gauge modes. It is, therefore, much more sub-
tle to infer the behavior of the propagator by the scaling
properties of the operators appearing in the action. In-
deed, there exist restricted versions of the theory, such
as those with detailed balance [5, 9, 10], where the sixth
order operators in the action do not contribute at all to
the propagators of the spin-0 mode, thus compromising
renormalizability. The problem can be solved by adding
eighth order operators, but the main lesson from these
examples is that the na¨ıve anisotropic scaling that one
infers from the action is not always respected by the prop-
agators.
A further limitation of the power counting arises in de-
termining the influence of the gauge modes on the loops.
This has been demonstrated clearly in the analysis of
Ref. [11]. The biggest challenge for Horˇava’s theory, or
any theory which violates Lorentz invariance in the grav-
ity sector, is to suppress the Lorentz violation effects at
low energy in the matter sector, where constraints are
very stringent [12, 13]. In Ref. [11] such a mechanism
2has been proposed. Lorentz violations are restricted to
the gravity sector at tree level and they percolate the
matter sector only though graviton loops. It is shown
that Lorentz-violating terms in the matter sector end up
being suppressed by powers of M⋆/Mp, where M⋆ is the
UV scale above which the dispersion relations in the grav-
ity sector cease to be relativistic. Hence, if M⋆ ≪ Mp,
Lorentz violations in the matter sector can remain below
experimental constraints. 1
On the other hand, the analysis of Ref. [11] also un-
covered a technical naturalness problem. Gauge mode
loops actually lead to quadratic divergences.2 It was
shown that the problem can be solved by introducing
the specific counter-term ∇iKjk∇iKjk that can improve
the behavior of the gauge mode. This term was cho-
sen because it does not contribute to the propagator of
the spin-2 graviton. However, a thorough analysis of the
effect this term, or other similar terms with mixed deriva-
tives can have on the dynamics of the propagating modes
is still pending. In addition, there is a strong ambiguity
on how such terms fit in the power counting scheme. If
one na¨ıvely tries to assign an order to them based on the
scaling (2) then they should be counted as eighth order
operators. However, there is no reason to trust such an
order assignment. Generically such terms will modify the
dispersion relations of (some of) the propagating modes
and could even be the leading operators with time deriva-
tives in the UV, thus compromising anisotropic scaling
altogether. The implications of having such terms in the
action for renormalizability are far from obvious.
Our goal here is to shed some light into this matter.
The rest of the paper is organized as follows. In the
next Section we briefly review the basic ingredients of the
Horˇava gravity and we construct the action with mixed
derivatives. In Sec. III we present a full perturbation
analysis of the theory and determine the propagators for
all modes. This allows us to clarify the influence of the
mixed-derivative terms on the propagators. Remarkably,
this is the first complete perturbative analysis of (non-
projectable) Horˇava gravity, even without the mixed-
derivative terms. In Sec. IV, we reconsider the Lifshitz
scalar as a toy model and we examine how adding mixed-
derivative term would affect power-counting renormaliz-
ability. We conclude with Sec. V where we discuss our
results.
II. THE ACTION FOR HORˇAVA GRAVITY
Since its introduction, Horˇava’s theory has been sub-
ject to serious scrutiny, covering a range of issues [20–28],
1 Alternatively, one can introduce supersymmetry to suppress
Lorentz violating operators at low energies [14–16], although such
constructions are highly non-trivial beyond free theories [17, 18].
2 Other types of divergences, as well as a loss of unitarity were
uncovered in Ref. [19], once matter fields are introduced.
which led to the introduction of several extensions [9, 29–
32]. A brief presentation of the various versions of the
theory can be found in Refs. [33–35].
In the rest of the paper, we will focus on the FDiff (2)
invariant non-projectable Horˇava gravity in 3+1 dimen-
sions, with critical exponent z = 3 [5, 31]. We start by
determining the most general action that is suitable for
our purposes. Formally, the action we consider is
S =
M2p
2
∫
Ndt
√
gd3x
(
KijK
ij − λK2)+ SV + S∇K ,
(3)
where the extrinsic curvature is defined as
Kij ≡ 1
2N
(g˙ij −∇iNj −∇jNi) . (4)
The action (3) contains the time-derivative kinetic terms
for the 3-metric gij , while the potential part
SV =
∫
Ndt
√
gd3x
(
M2p
2
Lz=1 + Lz=2 + 1
M2p
Lz=3
)
,
(5)
contains up to 6 spatial derivatives and exhausts all
marginal and relevant operators. S∇K denotes all terms
that are compatible with the symmetry and contain up
to two time derivatives and two spatial derivatives, in-
cluding the mixed-derivative term considered in Ref. [11].
One could also add the relevant deformation Lz=0 = Λ
that is allowed by the FDiff symmetry and the power
counting. However, since we will later focus on a
Minkowski background, we will be neglecting this cos-
mological constant term.
The number of all possible terms in SV and S∇K is
of the order 102. However, we are interested in linear
perturbations around flat spacetime. So, without loss of
generality, we can consider only the terms that give non-
trivial contributions to the propagation of linear pertur-
bations around the Minkowski background. We expand
the basic quantities as
N = 1 + δN , Ni = δNi , gij = δij + δgij , (6)
and impose a truncation of the action at quadratic order
in perturbations. The building blocks for constructing
the FDiff invariant potential terms are the acceleration
3-vector (1 spatial derivative)
ai ≡ ∂i logN = ∂iδN +O(perturbation)2 , (7)
and the 3 dimensional Ricci curvature tensor (2 spatial
derivatives)
Rij = −δ
lm
2
[
∂l∂mδgij + ∂i∂jδglm − 2∂l∂(iδgj)m
]
+O(perturbation)2 . (8)
In 3 dimensions the Weyl tensor is identically zero, so
the Riemann tensor can be expressed solely in terms of
3the Ricci tensor and the metric. Both ai, Rij and their
derivatives are of the order of perturbations, so any po-
tential term which is cubic in these will be of higher order
in the quadratic truncation. This observation reduces the
number of possible terms considerably.
Even after restricting the terms to be quadratic in the
acceleration, curvature and their derivatives, there are
still several terms which are redundant at the level of
the quadratic action around Minkowski. For instance,
since the curvature is of the order of perturbations,
we can further identify redundant terms by commuting
the covariant derivatives, i.e. ∇[i∇j](perturbation) =
O(perturbation)2. Moreover, performing integration by
parts, some terms turn out to give the same contribution
up to higher order terms in perturbative expansion, e.g.
the term N∇iRai can be written as −N R∇iai up to a
boundary term and Raia
i (which does not contribute at
the level of our quadratic truncation). Finally, making
use of the contracted Bianchi identities ∇jRij = ∇iR/2,
we find that the potential terms which contribute to the
quadratic action are
Lz=1 = 2αaiai + β R ,
Lz=2 = α1R∇iai + α2∇iaj∇iaj + β1RijRij + β2R2 ,
Lz=3 = α3∇i∇iR∇jaj + α4∇2ai∇2ai + β3∇iRjk∇iRjk
+β4∇iR∇iR , (9)
where we defined ∇2 ≡ ∇i∇i. This is the most general
version of Horˇava’s theory including all terms that con-
tribute to linear perturbations around Minkowski back-
ground. We remark that the projectable version of the
theory with N = N(t) can be obtained by simply taking
the limit α→∞ [31].
We now introduce the terms we wish to focus on, which
are the mixed 2-time and 2-space derivative terms. Apart
from the form (∇iKjk)2 chosen in Ref. [11], one can also
write terms of the form (Kijak)
2 and KijK
j
l R
il, by ap-
propriate contractions with the metric gij . However, con-
sidering the perturbed quantities (6), we find that
Kij =
1
2
[δg˙ij − ∂iδNj − ∂jδNi] +O(perturbation)2 .
(10)
In other words, the extrinsic curvature is also of order of
perturbations; only the terms of the form (∇iKjk)2 will
contribute to the quadratic action. The mixed derivative
part can thus be written as
S∇K =
∫
Ndt
√
gd3x∇iKjk∇lKmnM ijklmn , (11)
which consists of four independent contractions:
M ijklmn ≡ γ1gijglmgkn + γ2gilgjmgkn + γ3gilgjkgmn
+γ4g
ijgklgmn . (12)
The term with coefficient γ1 corresponds to the one
introduced in Ref [11], used to remove the quadratic di-
vergences in the vector loops.
III. PERTURBATIONS AROUND MINKOWSKI
We now consider perturbations around flat space-
time in the non-projectable theory with mixed derivative
terms, introduced in the previous Section. For a pertur-
bative analysis of the projectable version [5, 36] where the
lapse function is forced to be space-independent, we re-
fer the reader to Ref. [37], and for an analysis of scalar
perturbation in the non-projectable case to Refs. [31, 32].
Decomposing the perturbations with respect to their
transformation properties under spatial rotations, the
background and perturbations are introduced as
N = 1 +A , N i = (Bi + ∂iB) ,
gij = δij(1 + 2ψ) + (∂i∂j − δij
3
∂2)E + ∂(iEj) + γij ,
(13)
where ∂iB
i = ∂iE
i = δijγij = ∂iγ
ij = 0. We remark
that since we are not working in the projectable theory,
we have A = A(t, ~x).
In the gravity sector, there are 2 tensor degrees (γij),
4 vector degrees (Bi, Ei) and 4 scalar degrees (A, B, E,
ψ), giving a total of 10 perturbations. Out of these, four
will be removed by integrating out A, B and Bi (which
are non-dynamical, thus entering the action without time
derivatives). Furthermore, 3 degrees will be removed by
exploiting the spatial transformations xi → xi + ξi (2
vectors, 1 scalar).3 In the end, we expect 3 physical de-
grees of freedom: 2 tensors (1 transverse traceless tensor)
and 1 scalar.
In the following, we expand perturbations into plane
waves through
Q(t, ~x) =
1
(2π)3/2
∫
d3k Q~k(t) e
i~k·~x , (14)
where Q(t, xi) represents any perturbation and Q~k(t) is
the corresponding mode function, satisfying the reality
condition Q
−~k = Q
⋆
~k
. Thanks to the invariance of the
Minkowski background under spatial rotations, the re-
sulting quadratic action will depend only on the magni-
tude of the momentum k ≡ |~k| and all sectors will decou-
ple from the each other. In the remainder of the text, we
omit the subscript ~k in the mode functions Q~k.
3 In the non-projectable theory, the time reparametrization invari-
ance t → t + f(t) is not sufficient to fix any of the coordinate
dependent perturbations.
4A. Tensor sector
The action quadratic in tensor perturbations is ob-
tained as
S
(2)
tensor =
M2p
8
∫
dt d3k a3
(
1 + 2γ2κ
2
)
×
(
|γ˙ij |2 − k2 β − 2 β1κ
2 − 2 β3κ4
1 + 2 γ2κ2
|γij |2
)
,
(15)
where we have defined κ ≡ k/Mp for convenience. Firstly,
we see that only the second term of Eq. (12) contributes
to the tensorial action. This is the term specifically and
deliberately omitted in the analysis of Ref. [11]. The rest
of the terms involve only divergences and traces of Kij
and hence, they do not contribute to the tensor sector.
Secondly, the dispersion relation in the UV behaves as
ω2tensor = −
β3
γ2M2p
k4 +O(k2) , (16)
in contrast with the standard Horˇava result with ω2 ∼
−β3k6/M4p . On the other hand, tuning γ2 to be zero
reinstates the sixth order dispersion relations.
B. Vector sector
We now consider the vector sector. The quadratic ac-
tion for these modes is
S
(2)
vector =
M2p
4
∫
dt d3k k2[1 + κ2(γ1 + 2γ2)]
∣∣∣∣∣Bi − E˙
i
2
∣∣∣∣∣
2
.
(17)
In coordinate space, the equation of motion for the non-
dynamical mode Bi is given by
(
1− (γ1 + 2γ2)
M2p
△
)
△
(
Bi − E˙
i
2
)
= 0 , (18)
where △ ≡ δij∂i∂j is the the flat-space Laplace operator.
If we impose, as a boundary condition, that all pertur-
bations and all their derivatives asymptotically vanish,
then the unique solution is
Bi =
1
2
E˙i . (19)
Replacing this solution back in the action, we find that
the action vanishes up to boundary terms. Hence, there
are no propagating vector modes. It is clear, however,
that the γ1 and γ2 terms modify the behavior of the vec-
tor modes by introducing extra spatial derivatives. This
is exactly the feature that removed the divergences re-
lated to the vector modes in Ref. [11].
C. Scalar sector
The scalar action is found to be
S
(2)
scalar =
M2p
2
∫
dt d3k
{[
3(1− 3λ) + 2(γ1 + 3γ2 + 9γ3 + 3γ4)κ2
] ∣∣∣∣ψ˙ + k26 E˙
∣∣∣∣
2
+ 2 k2(α + α2κ
2 + α4κ
4) |A|2
+2k2
[
β + 2(3β1 + 8β2)κ
2 + 2(3β3 + 8β4)κ
4
] ∣∣∣∣ψ + k26 E
∣∣∣∣
2
+k4
[
1− λ+ 2(γ1 + γ2 + γ3 + γ4)κ2
] ∣∣∣∣∣B − E˙2
∣∣∣∣∣
2
+2 k2(β − 2α1κ2 + 2α3κ4)
[
A⋆
(
ψ +
k2
6
E
)
+ c.c.
]
+k2
[
1− 3λ+ 2(γ1 + γ2 + 3γ3 + 2γ4)κ2
] [(
B − E˙
2
)⋆(
ψ˙ +
k2
6
E˙
)
+ c.c
]}
, (20)
where “c.c.” denotes the complex conjugate of the pre-
ceding expression. Observing that the combinations
ψ + k2E/6 and B − E˙/2 are 3D diffeomorphism invari-
ant, the invariance of the above action is manifest. The
5action now contains two non-dynamical modes that are
solved by
B = −1− 3λ+ 2(γ1 + γ2 + 3γ3 + 2γ4)κ
2
1− λ+ 2(γ1 + γ2 + γ3 + γ4)κ2
(
ψ˙
k2
+
E˙
6
)
+
E˙
2
,
A = −β − 2α1κ
2 + 2α3κ
4
α+ α2κ2 + α4κ4
(
ψ +
k2
6
E
)
. (21)
Once these solutions are inserted back into the action, the
remaining terms depend on E and ψ; more specifically,
only on the gauge invariant quantity
Ψ ≡ ψ + k
2
6
E , (22)
while the remaining (pure gauge) combination drops out
of the action. Thus, we arrive to
S
(2)
scalar = M
2
p
∫
dt d3k
(
1− 3λ+ p2κ2 + p4κ4
1− λ+ r2κ2 |Ψ˙|
2 −M2p
q2κ
2 + q4κ
4 + q6κ
6 + q8κ
8 + q10κ
10
α+ α2κ2 + α4κ4
|Ψ|2
)
, (23)
where
p2 ≡ 2γ1(1− 2λ) + 2γ2(2− 3λ) + 2(3γ3 + γ4) ,
p4 ≡ 4γ2(γ1 + γ2 + 3γ3 + γ4) + 8γ1γ3 − 2γ24 ,
r2 ≡ 2(γ1 + γ2 + γ3 + γ4) ,
q2 ≡ β(β − α) ,
q4 ≡ −β(4α1 + α2)− 2α(3β1 + 8β2) ,
q6 ≡ 4α21 + β(4α3 − α4)− 2α(3β3 + 8β4)
−2α2(3β1 + 8β2) ,
q8 ≡ −8α1α3 − 2α4(3β1 + 8β2)− 2α2(3β3 + 8β4) ,
q10 ≡ 4α23 − 2α4(3β3 + 8β4) . (24)
Let us first recall that in the absence of the terms (11),
i.e. in standard Horˇava’s theory the dispersion is ω2 ∝ k6
in the UV. In the presence of the (∇K)2 terms (11) and
for generic γi, the coefficient of |Ψ˙|2 goes as k2 in the UV.
As a result, the dispersion relation becomes ω2 ∝ k4. In
the case of the tensor modes, a sixth order dispersion re-
lation can be obtained by tuning only γ2 to zero. This
is still not sufficient for having z = 3 anisotropic scaling
for the scalar mode. One needs to further impose the
relation γ24 = 4γ1γ3 so that the p4 coefficient in the ki-
netic term will vanish. With this tuning, the kinetic term
now is a constant in the UV, giving a dispersion relation
ω2 ∝ k6 despite the existence of the high order terms.
Finally, the vector action (17) is only sensitive to γ1 and
γ2 terms. Therefore, in order to simultaneously improve
the quadratic UV divergences in the gauge modes and to
recover sixth order dispersion relations for the propagat-
ing modes, the necessary tuning is
γ2 = γ
2
4 − 4 γ1γ3 = 0 , γ1 6= 0 . (25)
For the case considered in Ref. [11], only the γ1 term is
non-zero and the above conditions are trivially satisfied.
We end this Section by noting that in the projectable
limit α → ∞, the second term of Eq.(20) is dominated
by the k6 term in the UV, while the kinetic term remains
unaffected. Therefore, we conclude that the tuning (25)
also results in a sixth order scalar dispersion relation in
the projectable version.
IV. POWER COUNTING IN THE PRESENCE
OF MIXED DERIVATIVE TERMS
In the previous Section, we have found that in the pres-
ence of the mixed derivative term ∇iKjk∇lKmn the dis-
persion relations of the propagating degrees reduce to
fourth order ones, as opposed to the sixth order in stan-
dard Horˇava gravity. This appears to compromise power-
counting renormalizability, given the fact that the latter
is argued based on z = 3 anisotropic scaling of the prop-
agators. Our result indicates that it is actually possible
to choose the coefficients of the mixed-derivative terms
in such a way so as to retain sixth order dispersion re-
lations for all modes, and still modify the UV behav-
ior of the vector modes. So, one could potentially avoid
the divergences uncovered in Ref. [11] and still maintain
z = 3 anisotropic scaling in the UV for all modes, but
this would require tuning for the coefficients of the mixed-
derivative terms.
Our next step is to explore whether such tuning is in-
deed still necessary for power-counting renormalizability
once mixed-derivative terms have been added. Recall
that the main motivation in introducing this tuning is
based on the bias that a fourth order dispersion relation
is not power-counting renormalizable. However, this ex-
pectation arises from the power-counting performed in
the presence of canonical kinetic terms. When mixed-
derivative terms are included, the canonical kinetic term
does not have to be dominant in the UV. It is therefore
not at all obvious that the usual power counting argu-
ment continues to hold.
In order to concretely discuss this issue in a simplified
setting, we focus on the Lifshitz scalar in D+1 dimen-
sions. This is anyway the basis of all power-counting ar-
6guments in Horˇava gravity. We consider the Lagrangian
L = α φ˙2 − β φ˙△φ˙− γ φ(−△)zφ . (26)
Let us allow for an arbitrary anisotropic scaling
t→ b−mt , xi → b−1 xi . (27)
In the standard case where β = 0, renormalizability re-
quires that z = m = D [7, 8]. With these choices one can
set α = γ = 1 without loss of generality, and the scalar
field turns out to be dimensionless. It is then straightfor-
ward to argue that, if interactions of the type gnφ
n are
added, gn will have positive momentum dimensions for
any n, a standard sign of renormalizability. Let us sup-
pose now β 6= 0 and try to treat the corresponding term
as a deformation of the standard case while retaining the
same scaling dimensions. Being quadratic in both tem-
poral and spatial derivatives, this term would (na¨ıvely)
be an 8th order operator when D = 3, so one arrives at
a contradiction: it can hardly be considered as a simple
deformation. In fact, one expects this term to be the
dominant operator with time derivatives in the UV.
As we will see below, even if one considers the mixed-
derivative term as a leading operator in the UV and at-
tempts to change the scaling dimensions accordingly, am-
biguities still remain. Although we find that the dimen-
sional argument is inadequate, it demonstrates how the
interpretation of the mixed term as a deformation can
bring us to misleading results.
A. Dimensional counting
Let us repeat the power-counting arguments in a bit
more detail, this time allowing for different choices of nor-
malization and scaling. This will highlight the potential
pitfalls of power-counting arguments. As a first example,
we consider canonical normalization for the usual kinetic
term by choosing α = 1 in Eq.(26). In this normaliza-
tion, we have [β] = [k]−2 and [γ] = [k]−2(z−m), where [k]
denotes the dimension of the momentum which scales as
k → b k. Moreover, we fix the units such that the opera-
tors that we expect to be dominant in the UV have the
same scaling rule, imposing [β] = [γ], or m = z− 1. This
allows us to rewrite the Lagrangian in the following form
L1 = φ˙2 − 1
M2
φ˙△φ˙− λ
M2
φ(−△)zφ , (28)
where λ is a dimensionless constant and M is some scale
with dimensions of momentum. Imposing that the action
be dimensionless, we find that the momentum dimension
of the scalar field is
[φ] = [k](D−m)/2 . (29)
This result is the same as in the canonical Lifshitz scalar
case, due to the choice of normalization for the first term
in (28). The scalar field is dimensionless for m = D, in
which case, the coefficients of non-derivative self interac-
tions gnφ
n have [gn] = [k]
2D. However, for m = D one
has z = D + 1, unlike the standard Lifshitz scalar where
z = D. In 3+1 dimensions, this corresponds to having
the usual anisotropic scaling law for the time and spatial
coordinates, while the spatial derivative part of the ac-
tion [the last term in eq. (28)] is 8th order in derivatives.
The mixed derivative operators would then scale as the
eighth power of the momentum.
However, the result is a by-product of the specific nor-
malization adopted in eq. (28). In this normalization, the
standard kinetic term is rendered canonical, even though
the mixed-derivative term is expected to be the domi-
nant operator that carries time derivatives in the UV.
This does not seem to be a sensible choice of normaliza-
tion.
The results indeed changes if we choose the normaliza-
tion in (26) such that β = 1, while still requiring the UV
dominant operators to have the same scaling rule. Since
the latter condition again imposes m = z − 1, we now
have [α] = [k]2 and [γ] = [k]0, leading to the Lagrangian
L2 =M2φ˙2 − φ˙△φ˙− λφ(−△)zφ . (30)
For this example, the momentum dimension of the scalar
field is
[φ] = [k](D−m−2)/2 , (31)
i.e. it is dimensionless for z = m + 1 = D − 1, leading
to the coefficients of the self-interaction terms to have
[gn] = [k]
2(D−1). In 3 + 1 dimensions, this corresponds
to relativistic scaling and 4th order gradient terms.
This second example seems to suggest that the mixed
derivative term actually improves the UV behavior of the
theory. However, the relativistic scaling implies that op-
erators with 4 time derivatives come at the same order
as the mixed derivative operator or operators with 4 spa-
tial gradients. With this scaling there is no justification
for not including 4th order time derivatives in the ac-
tion. As is well known, though, including such operators
would lead to extra degrees of freedom and potential loss
of unitarity.
B. Superficial degree of divergence
The existence of two drastically different results for the
same theory illustrates that the na¨ıve counting method
is highly dependent on the choice of scaling and nor-
malization, and can therefore be confusing. Though it
does seem straightforward that canonically normalizing
the usual kinetic term is not the way to go, in order to
remove any ambiguity we calculate the superficial degree
of divergence, in the fashion of Refs. [7, 8]. This method
allows us to identify the cut-off dependence of the dia-
grams without relying on the dimensional arguments.
For the Lagrangian in Eq.(26), the dimensions of the
coupling constant are related through
[α] [k]2m = [β] [k]2m+2 = [γ] [k]2 z , (32)
7which allows us to rewrite (26) as
L = β
[
λM2φ˙2 − φ˙△φ˙−M2(m−z+1) φ(−△)zφ
]
. (33)
Using the equation of motion for the Lifshitz scalar,
β
[
−λM2 φ¨+△φ¨−M2(m−z+1)(−△)zφ
]
= 0 , (34)
the Green’s function in the UV, i.e. k ≫
√
λM , can be
immediately calculated as
Gω,k =
1
k2β [ω2 −M2(m−z+1)k2(z−1)] . (35)
Thus, the dependence of each internal line on the mo-
mentum cut-off Λk is
Gω,k → β−1M−2(m−z+1)Λ−2zk . (36)
For the loop integrals, we need to impose a different
cut-off Λω for the energy. The dependence of the latter
on the momentum cut-off can be inferred from the poles
of the propagator, giving Λω = M
m−z+1Λz−1k . Thus the
contribution from each loop in a diagram is∫
dωdDk → Λω ΛDk =Mm−z+1Λz+D−1k . (37)
We first consider non-derivative interactions, where
the vertices do not contribute to the cut-off dependence.
Thus, for a diagram with I internal lines and L loops,
the dependence on the momentum cut-off is
β−I M (m−z+1)(L−2 I) Λ
L(D+z−1)−2 I z
k , (38)
giving the superficial degree of divergence
δ = (D+z−1)L−2 I z = (D−z−1)L−2 (I−L)z . (39)
Since L loops require at least L internal lines, we obtain
δ ≤ (D − z − 1)L . (40)
This implies that if z ≥ D − 1, the diagrams are, at
most, logarithmically divergent. For D = 3, the mixed-
derivative theory with relativistic scaling and relativis-
tic dispersion relations is power-counting renormalizable
with gradient terms z ≥ 2. The propagator (35) now con-
tains an overall factor of k−2 which ameliorates the UV
behavior, alleviating the need for more than 4 gradients
in the action.
As already mentioned in the previous section, the rel-
ativistic scaling is worrisome, as it implies that 4th order
time derivative operators are not higher order and should
be taken into consideration. Their presence would com-
promise unitarity without changing the renormalizability
properties. This situation is reminiscent of the renormal-
ization of higher derivative gravity [3]. There the disper-
sion relation is also relativistic and the presence of the
higher order derivatives (and the extra degrees of free-
dom) improves the UV behavior but breaks the unitarity
[3].
The superficial degree of divergence also exposes the
limitations of the dimensional counting. In the latter,
each momentum dimension is implicitly assumed to con-
tribute one power of the momentum cut-off. However,
this assumption is not correct if coefficients of the rele-
vant terms are dimensionful. The dimensional counting
can be trusted only in a setup in which β and M drop
out of the amplitudes; this corresponds to the normaliza-
tion β = 1 and choice of units with m = z − 1, which is
the second example studied in Sec.IVA. This result fur-
ther demonstrates that the mixed derivative terms can-
not be interpreted as deformations of the canonical Lif-
shitz scalar.
We can further extend the analogy with the Lifshitz
scalar to mimic derivative self-interactions of the gravi-
ton. Following Ref. [8], we consider the action
L = −φ˙△φ˙+ P (∇2 z, φ) , (41)
where P (∇2 z , φ) is an infinite order polynomial for the
field, with up to 2z derivatives. For the free field, i.e. at
the quadratic level, the action contains spatial derivative
terms up to φ△zφ, so the propagator in the UV is still
given by Eq.(35) with β = 1 and m = z − 1. The major
difference to the previous case comes from the vertices,
which can bring at most 2z powers of momentum. Thus,
the superficial degree of divergence for the diagram with
V vertices satisfies
δ ≤ (D − z − 1)L− 2 (I − L− V )z , (42)
which can be simplified using the topological identity V +
L− I = 1 to give
δ ≤ (D − z − 1)L+ 2 z . (43)
As long as z ≥ D − 1, we have δ ≤ 2 z where the su-
perficial degree of divergence is bounded from above by
the canonical dimension of the operators explicitly in-
cluded in the bare action. This is an indication of power-
counting renormalizability.
V. DISCUSSION
Horˇava gravity has an extra scalar propagating degree
of freedom with respect to general relativity. Addition-
ally, usual spin-2 graviton which both theories propagate,
has different behavior in Horˇava gravity due to the pres-
ence of terms with higher-order spatial derivatives in the
action. In contrast, the gauge vector modes do not get
any contribution from these higher-derivative terms, thus
their propagators are identical to the ones in GR. As a re-
sult, as it has been shown in Ref. [11], Lorentz violations
in the Standard Model sector have quadratic sensitivity
to the cut-off stemming from the gauge loops. Supple-
menting the action with mixed-derivative terms — terms
8that contain both temporal and spatial derivatives — has
been suggested as a potential way to regulate these di-
vergences.
We have considered here the most general action of
non-projectable Horˇava gravity, extended with terms
containing two time derivatives and two spatial ones. We
have carried out a full perturbative analysis. which re-
vealed that the mixed derivative terms can drastically
change the behavior of the propagators. The dispersion
relations generically become fourth order in the UV, i.e.
ω2 ∼ k4. This could compromise power-counting renor-
malizability, which required 6th order dispersion rela-
tions in the standard theory. However, we also find that
a tuning of the coefficients of the mixed-derivative terms
that reinstates the sixth order dispersion relations does
exist.
A difficulty one encounters is that renormalizability
arguments in standard Horˇava gravity are based on
anisotropic scaling and on the analogy with the Lif-
shitz scalar. The mixed-derivative terms do not seem to
straightforwardly fit in this logic, and one might right-
fully question whether 6th order dispersion relations are
really necessary. In order to explore this issue further
and avoid the complications that one has to face when
dealing with a theory with multiple degrees of freedom,
we have considered the Lifshitz scalar itself, extended by
adding mixed-derivative terms. We have shown that the
mixed-derivative terms actually appear to improve the
UV behavior and the theory can be renormalizable even
with 4th order dispersion relations. However, this comes
at a high price: the scaling between space and time is ac-
tually relativistic and terms with 4th order time deriva-
tives appear to come at the same order as those included
in the action. Hence, one expects that this theory will
cease to be unitary once quantum corrections are taken
into account.
Therefore, to the extent that one can transfer the intu-
ition coming from the Lifshitz scalar to Horˇava gravity,
tuning the coefficients of the mixed-derivative terms so
as to have 6th order dispersion relations and anisotropic
scaling seems preferable. Note that such a tuning does
not obstruct the effect of the mixed-derivative terms on
the gauge modes. This is particularly important in order
to suppress the Lorentz violations in the matter sector
(it is the motivation for adding mixed-derivative terms
in the first place). However, the pertinent question is if
such a tuning could be technically natural.
Our whole analysis is based on linearized theory (as
is power-counting renormalizability in the first place).
The tuning appears technically natural in linearized the-
ory but our approach cannot address radiative stability
beyond the linear level. More work in this direction is
needed in order to conclude if adding mixed-derivative
terms in Horˇava gravity is a viable way to cure the
quadratic divergencies related to the vector mode found
in Ref. [11].
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